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Abstract

In this note, we deal with filters needed in the parameter estimation of the so-
called Markov modulated Poisson process by the EM-algorithm. Specifically, using
a Clark’s transform, a Skorokhod-continuous version of the unnormalized filter of
various statistics of Markov Modulated Poisson Processes is given.
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1 Introduction

In this note, we focus on a class of Markovian models known as the Markov
Modulated Poisson Process (MMPP). An MMPP is formally defined as a

bivariate Markov process {(Vi, Xt)}+>0 such that

e {N;:}+>0 is a counting process of “events”;

e {Xi}i>0 is a Markov process with a finite state space, say {1,...,n}, and
generator ();
e listing the state space N x {1,...,n} in lexicographic order, the generator

of {(N¢, X;) }i>0 has the form

A= ' (1.1)

where A is a diagonal matrix with ith diagonal entry A(7).
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An MMPP is an instance of a Markovian Arrival Process as popularized by
Neuts (e.g. see [12]). It is well-known that the intensity of the counting process
{N:}i>0 (wrt to the filtration generated by { Vi, Xi}i>0) is

AX)).

In this model, the events occur according to a Poisson process with intensity
A(7) during a sojourn time of {X;};>¢ in state . Thus, an MMPP may be
thought of as a Poisson process with an intensity driven by the Markov process
{Xi}>0 (e.g. see [16]). In statistical literature, it is known as an instance
of a Hidden Markov Process because {N;}:>¢ has conditionally independent
increments given the Markov process {X;}i>0 [2].

The MMPPs have gained widespread use in stochastic modeling, for exam-
ple in engineering [16], in computer science [13, and the reference therein],
in finance (see [11, and the reference therein]. Our initial motivation for
dealing with MMPP originates in the software reliability modeling using an
“architecture-based” approach (see [6]). Thus, in this context, {N;}:>¢ is the
counting process of failures and {X;};>o is interpreted to be a Markovian
model of the flow of control between the modules of a software.

Since an MMPP is specified by the matrices @, A, the fitting of MMPPs to
data requires the estimation of the non-negative parameter vector

0={\i), QGi) ij=1,....n} (1.2)

The only available data is the observation of events. In that perspective, the
process {(V¢, X¢) }+>0 can be thought of as a partially observed Markov process
or a hidden Markov process. The observed process is the counting process of
events {NV;};>0 and the state or hidden process is the finite Markov process
{Xi}i>0. The EM-algorithm is a standard way to estimate the parameters of
hidden Markov processes and has been used for MMPPs [15,14, and references
therein]. All these works use the standard forward-backward principle which is
based on data processing in batch. Due to the backward pass through the data,
the storage cost is linear in the number of observations. Elliott has proposed
a filter-based EM-algorithm where the standard forward-backward form of
the E-step of the algorithm is replaced by a single forward pass procedure
[4]. The main advantages are that “on-line” estimation is allowed and the
storage cost does not depend on the number of observations so that very large
data sets can be processed. To implement the filter-based approach, finite-
dimensional recursive unnormalized or normalized filters for various statistics
related to MMPPs are used [5,8]. The aim of this note is to provide finite-
dimensional filters which are robust in the sense of [5]. That is, they are
continuous functionals of the observations , i.e. of paths of the counting process
{N:}t>0. Our work is a natural continuation of that in [10,5]. Our results are
counterparts for MMPPs of those obtained in [3,7] for a finite Markov process



observed through an independent Brownian noise.

The paper is organized as follows. In Section 2, the basic material on the statis-
tics needed in the estimation of # by the EM-algorithm is introduced. Linear
stochastic differential equations satisfied by the so-called Zakai filters are also
recalled. In Section 3, the Clark’s transform is introduced and a continuous-
Skorokhod version of the unnormalized filters of MMPPs is derived.

Main notation and convention

e Vectors are column vectors. The ith component of any vector v is denoted
by v(i). For any u,v € R", (u,v) = >, u(i)v(i), is the usual scalar product
in R™. 1 is a n-dimensional vector with each entry equals to one.

e For any right-continuous with left-hand limits (rcll) function ¢ — f;, the
left-hand limit at ¢ of f is denoted by f;_ and Af; := f; — fi_ for t > 0 is
the jump of the function at time t. We set A fj := fo.

e The state space of the Markov process {X;}i>o is assumed to be 2~ :=
{e;,;i=1,...,n}, where e; is the ith vector of the canonical basis of R".
With this convention, the indicator function 1¢x,—.,) of the set {X; = e;} is
the ith component of vector X, that is (X;, e;). In other words, for any time
t, the vector X, is the n-dimensional vector X; = (1x,=¢;})i=;. Therefore,
the sum of the components of vector X;, (1, X;), is equal to 1.

e All processes are assumed to be defined on the same probability space
(Q, F,P). The internal filtrations of processes {N;}i>o and {(Vy, X¢) hi>o0
are denoted by FV := {FN},5 and F := {F;},>( respectively, where FY :=
o(Ns, s <t)and Fy := o(N;, X s < t). These filtrations are assumed to
be complete, that is Fo, FJ contain all the sets of P-probability zero of F.

e For any integrable F-adapted random process {Z;}:>o, the conditional ex-
pectation E[Z; | FN] is denoted by Z; and {Z;},> is called the filter asso-
ciated with the process {Z;}+>0.

2 Basic material on the observed/hidden processes

In this note, we are concerned with the following basic statistics of an MMPP

N9 i= 3 (1= ANN(X,, e)(Xomei)  j#1

0<s<t
. t
o’ ::/0<Xs—:€i>d3 (2.1)
. t
Gli= 3 AN(X, ;) (Xo_,e)) :/ (X, e,)(X,_, &) AN,
0<s<t 0



The first statistic is the number of jumps of {X;};>¢ from state e; to state
e; (i # j) over the interval ]0,¢]. The second statistic is the sojourn time of
{X:}+>0 in the state e; in the interval [0, ¢]. G is the number of events observed
during the sojourn of {X;};>0 in state e; over the interval [0,¢]. This family
of statistics is introduced because their filters appear in the re-estimation
formulas used for estimating the parameter 6 := {\(i), Q(j,),7,7 =1,...,n}
of an MMPP with the EM-algorithm (e.g. see [15]): fori,j =1,...,n

1) = — n 1) = —= with 7 . .
O, J o), J

The basic material below is found in [1] for instance. We report here a F-
semi-martingale (or Doob-Meyer here) representation of the counting pro-
cesses { Ny V0, {N? }is0, {Gi}i0. It is clear from their definition that { N, };>o,
{N/"}150, {G?}40 are counters of specific transitions in {(N;, X;)}1>0. Then,
it is easily deduced from the special structure of A (see (1.1)) that the F-semi-
martingale decomposition of the counting processes above are

.. t g
N [ QUL X ) ds + MY (23
, t .
Gl = /0 AN X, e ds + MS k=0,1 (2.4)
t
Nt:/o Aods + M, with A, == (1,AX,_) (2.5)

where {MN"7"} 20, {ME V20, {M }1>0 are F-martingales. The process {\ }¢>0
is the so-called stochastic intensity of {N;}:+>o with respect to the filtration F.

The basic F-semi-martingale decomposition of the Markov process { X} is
t

X = Xo + / 0X,_ds + MX (2.6)
0

where { M };50 is a F-martingale (and a martingale with respect to the inter-
nal filtration of {X;};>¢ as well). We recognize in (2.5) and (2.6) a standard
representation of a continuous-time hidden Markov process, with {X;}:>¢ as
state process and {N;};>0 as observed process. The observation and state
“noises” { M }>0, { M }+>0 have no common jumps:

S AMAMY = Y ANAX, =0.

0<s<t 0<s<t

The following facts will be used throughout the paper.



e Since any rcll process {Z; }+>¢ has finitely many jumps on finite intervals for
almost all w € €2, the following standard Lebesgue integrals

t t
/ Z.ds or / Z_ds
0 0

are interchangeably used.

e (PR) The stochastic integrals in this paper are Lebesgue-Stieltjes in-
tegrals. We report here the product rule for two rcll processes
{Zt(l)}tzo, {Zt(Q)}tZO having finite variations on the bounded intervals,
i.e. having locally finite variations,

t t
2028 = 202 + [ 204z + [ 720az0 + ¥ AZOAZP)
0 0

0<s<t
Zakai filters

Now, we discuss the so-called Zakai filters associated with the statistics in
(2.1). Their derivation is based on a technique of change of measure. We recall
some basic facts which are borrowed from [1, Chap VI] for instance. Assume
that

A(i) >0, i=1,...,n. (2.7)

Then, we have

so that
1

> A)

Let us consider the likelihood ratio

< —< (2.8)

1
A — min A7)

L :=exp (/Ot In ;Sst + /Ot()\s -1) ds) = I (;S)ANS exp (/Ot()\s —1) ds)

0<s<t

which is a solution of the equation

_ t__ 1
I,=1 +/ Lo-(5- = 1) (AN, = Ads).
0

s

Then, {L; };>0 is a (P, F)-martingale. A new probability measure Py on (€2, V;>Fy)
is defined by
dPy

ﬁ = Lt.

Fy



It results from Girsanov’s theorem that, under Py, { V; }+>0 is a F-homogeneous
Poisson process with intensity Ay = 1. Therefore, the process {n;};>o defined
by

ng .= Ny — 1
is a (P, F)-martingale and must be thought of as the innovation martingale
associated with {N;};>¢ under the new probability measure Py.

Next, set
1
Lt = =.
Ly
{L;}+>0 is a solution of the equation
t
L =1 +/ Ly (A — 1) dn, (2.9)
0

and is a (Py, F)-martingale. We know that P < [Py and

dp

| =1,
dP, K

Fy

Under the mild condition stated at the beginning of this subsection, P and

Py are equivalent probability measures. The expectation with respect to Py is

denoted by Eg[-]. Any F¥-conditional expectation, under P, of an integrable

F-measurable random variable, may be computed from Bayes formula (e.g.
see [4])

vy E[ZL, | FY]

SR =R

The above equation is the basic one for deriving the Zakai filters Eq[ZL; | FV].

P a.s. (2.10)

For any F-adapted integrable process {Z;}:>0, 0(Z;) denotes the conditional
expectation Eg[Z;L; | FI¥]. Then, we known from [8] that: for any ¢ > 0

o) = %o+ [ " Oo(X, ) ds + / (A= Do(X. ) dn.. (2.11a)

P(N¥X) = [ [Qo(NETX) + QU)o (X)) ] ds

+ /Ot (A= Do(NSX0) + A i) o (Xoo),e1) €) dn,.

(2.11b)
00X = [ Q000 X, ) + (X, ), i) ] ds
0 . ' (2.11c)
+ /0 (A — Do(0P X, ) dn,.
o(GiX;) = /t Qo(G'_X, )ds+ /t A1) (0(Xs-), €;) e;d N
0 0 (2.11d)

+ [ (A= Do(GF_X. )dn,.



These SDEs are standard linear ordinary differential equations (ODE) between
two jumps of { V; }+>0. Therefore, a basic way to deal with the equations (2.11a-
2.11d) is to integrate the linear ODEs over the interval of time between two
jumps and to update the solution at the endpoint of the interval. For instance,
the state filter o(X;) is solution of

d
O G=Q—-A+1DNg=A+1)qg, ., =0(Xy )

in the interval [t;_1, t;[, where (#;)1en is the sequence of times of jump of {V; }1>0
(to := 0). Then, the solution at time of jump ¢; is updated as follows

U(th) - J(th—) = (A - I)J(th—) = U(th) = AU(th—)'

In this special case, it is easily seen that (2.11a) has the explicit solution given
for t > 0 by

o(X:) = exp(t) exp (A(t - tNt))AeXp (A(tNt - tNt_l)) - Nexp (At1>)?0
and the vector of conditional probabilities X, is for t > 0

T _ exp (A(t - tNt)>AeXp (A(tNt - tNt—l)) - Nexp(At;) X
17 exp (A(t - tNt)>Aexp (A(tNt - tNt_l)) .- Aexp(Aty) X

=

where the row vector 17 is the transpose of vector 1.

In the next section, we derive a robust-version of the filters.

3 Conditional Poisson observations

Here, we use the ideas developed in [3,7] for the analysis of filtering equations
for a finite Markov process observed through the continuous-valued observa-
tion process y; = [o(\, X,)ds + W;, where {W;};>0 is an Brownian motion
that is independent of {X;};>¢ and X is a n-vector of scalars. This discretiza-
tion procedure is based on a transformation of the filtering equation for the
state proposed by [3]. One of the main interests in this transformation was
to offer a robust form of the filter, that is the “transformed filter” has a con-
tinuous dependence on the observation paths. Here, our observation process
is discrete-valued, so that the uniform metric is replaced by a suitable metric
for rcll processes, a Skorokhod metric. Two papers that uses this approach for
state estimation of an MMPP have been published very recently [10,5]. So,
we will take benefit of their results for the state estimation problem. Since
we are concerned with other filters than the state filter, we just prove our



results for the new estimates. Thus, a complete counterpart of the James-
Krishnamurthy-Le Gland approach is obtained for MMPPs.

3.1 Clark’s transformation and filtering.

We recall that the diagonal matrix A is non-singular from (2.7). Let us intro-
duce the diagonal random matrix

Cy = AV exp (I — A)t) = Diag (A(i)™ exp (1= A(i))t)) . (3.1)

Note that the matrices C; and C; ' commute with A. The product rule (PR)
allows us to show that

o= [ "ClAT — T)dN, + / (A= 1) ds. (3.2)

In particular, we have for the jumps
ACTY = CHA = T)AN,. (3.3)
Theorem 1 For any integrable F-adapted process {Z;}1>0, 0(Z;) denotes its

Zakai’s filter. Let us denote C;'a(Z,) by &(Z;). The following relations hold
for every t > 0:

7(X) = (Xo) + [ CQOF(X,) ds (3.42)

700 x) = | 01O ODX,) + (#(X,), e ] ds (3.4b)

T(N{'X,) = /O t [CTQCF(NITX,) + (7(X,), e)(C ' QCuer ¢5) 5] ds j # i
(3.4c)

F(GiX,) = / C1QC(GLX,) ds + / ) es dN,. (3.4d)

The last stochastic integral in (3.4d) may be rewritten as follows using the
product rule (PR)

/0 {F(X. ), ei) e AN, = ((X,), e) Nyei — /0 "N (do(X.), ) e

= <E<Xt), ei>Nt6i — /Ot NS_ <CS_IQ055(XS), 6i> €; ds



from (3.4a). Equation (3.4d) has the final form

7(Gix) = | [CIQCE(GEX,) — No (C1QC, T3 (X,), ) ] ds
+ <E(Xt), ei>Nt6i-

(3.5)

Proof. First, we find from the diagonal structure of C; and C; ' that
<O’ Xt), €i>C;1€i = <E(Xt), €i>€i
and Q(4,9)(0(Xy), e)C; 'ej = (0(Xy), ) (Cr ' QChess e5) €.

Relation (3.4a) is stated in [10]. The authors refer to [9] for a proof. A short
proof is reported here for the convenience of the reader. The product rule (PR)
gives

t t
c;lo(Xt)zc(;la(XOH/ O o (X,) ds+/ AC (X,
0 0
+ > ACTAo(X)

0<s<t

—o(Xo) + [ M Qo(X,) ds + (A — Do(X, ) dn)

+ /Ot CH A = DNo(X,_)dN, + /Ot CAA-DC 'o(X, ) ds
+ 3 O AT =) (A= Do(Xs-) AN,

0<s<t

the last equality is deduced from (2.11a), (3.2), (3.3) respectively. Next, replace
dns by dNg — ds and we obtain
t t
F(X) =7 (Xo) + /O Q7 (X,)ds + /0 (A — I)o(X,_) dN,
t
+ / (A~! = I)o(X,_) dN,
0
t
+ / (A~ = I)(A — )T (X,_) dNs.
0

In the right hand side of the equality above, all terms cancel except the two
former and Formula (3.4a) follows.

Now, if {7 }+>0 is a solution of
t
7, = 0o +/ C7'QCT, ds
0

then (Cya;) is a solution of (2.11a) since



t t
C,7: = Cozo + / O, do, + / dC, 7,
0 0
t t t
— Cyro + / C,071QC,7, ds + / (A~ I)C, 7, dN, + / Cu(I — N7, ds
0 0 0

t t
— Coto + /0 QC,0(X,)ds + /0 (A= DC,_o(X,_)dns.

Let us check that (3.4d) is valid. We deduce from (3.3) and (2.11d) that

S ACTIAG(GIX / o DM e(X,), e)eit (A-Do(GL_X,-)] dN.,.

0<s<t

Then, the product rule gives

o(Gix) = [ M Qo(GLX,) ds + M) {o(X, ), ex)es AN, +
(A — Do (G X, )dny]
- /0 t CHA Y= 1)dN, + (A - I)C 1 ds) o (G X,_)

n / O AT — DAY (o(Xo ), e) e AN,

+ / o (A - Do(G_X,_)dN.,.

Replacing dng by dNs; — ds, several terms cancel and formula (3.4d) follows.
Its is easily seen that if {7;};>¢ is a solution of

t t
7, = / 0100, ds + / M@)o (Xso), e:) O1A Le; AN,
0 0
then (Cyoy) is a solution of (2.11d). Indeed, we have

C, = /C daS—Ir/ AC, 7+ 3 ACAT,

0<s<t

- / C.C7QC,T, ds + / M) o(X,_), e) A esd N,
0 0
t t
+ / (A - I)C,s_o,_dN, + / Cu(I — Az, ds
n / e (I — A)e; AN,
t
_ / 0C.7, ds + / (A — [)Cuzs dny + / Ai)(0(Xs_), e)es AN,
0 0 0

The proofs of (3.4b,3.4c) are quite similar so that they are omitted. .

10



In the spirit of the works of [3,7], a discretization scheme of (3.4a-3.4c) and
(3.4d),(3.5) is as follows. Consider a regular partition 0 =ty < t; < ---{; <
-, with a constant mesh h. A basic approximation of (3.4a) is a

E(th) :5(th,1) + /tl C;lQCSE(Xs) ds

12

E(‘th—l) + hC, tl IQCU 1 (th—1) [I+h te_ 1Qctk 1]6(th 1)

The following explicit approximations are obtained in a similar way

E(O th) (I+h t_ 1QCtz 1) (Otz 1th 1 h<E(thf1)vei>ei
TN X,) =~ (140G, QT )a(NE
iNC

12 1th 1
+h<U(th 1) t llQCtz 1617(3])6
E(Gilth) = (I + h tl 1QCtl 1) (Gil 1th71)

+<(I+h ti— 1QCtl 1) (th—1)vei><Ntz _Ntz—1)ei

Multiplying both sides of the previous equations by Cy,, we obtain the following
scheme for approximating the solutions of equations (2.11a-2.11d)

o(Xy) =Wy (1+ hQ)a(th ) (3.6)

(O X)) = Wy (T+0Q)o (O X,,,) + ho(X,,_,), &) Uiise;

o(NI' X)) = Wy (T4 hQ)o (N X,
+hQ(j. 1)

U(Gilth)ﬁ‘I’z,zfl(IJr hQ) (G Xu )
+<(I + hQ)o(Xy,_,), ei> Uy 1e

(0(Xy_,),e) Wigae;

where U;;_; = C’th't;ll is a diagonal matrix. If the mesh A is less than
1/ max;(|Q(7,7)]), it has been shown [10, Th 5.2] that the recursive equation
(3.6) produces values of o(X;) that can not be negative as it may happen with
a standard discrete-time approximation as Euler-Maruyama’s one. We refer
to [10] for details.

3.2 Skorokhod-continuity.

A measure of the discrepancy between two paths N(w;) := {N¢(w1)}o,r] and
N(wy) := {N¢(w2) }o,77 of the counting process {N;};>0 over the interval [0, 7]

11



is given by

ds(N(wn), N(ws)) = inf { sup |b =4V sup [Ny(wn) = Ny, ()]}

0<t<T 0<t<T

where t — b; is an increasing, one to one, function from [0, 7] into [0, 7] such
that by = 0 and by = T'. Such a function is called a change of time and (NN,)
is the so-called time change of {IV;};>¢ associated with {b:}o ). ds is one of
the metrics for the Skorokhod topology of the set of rcll processes D0, +o0].
Note that the space D[0, +oc] is separable but not complete for the metric
above. However dg is an equivalent metric to the standard one for which the
space D[0, +00] is complete. The following theorem extents Lemma 3.8 in [10]
to our family of filters. It states that if the observation paths are “close”, so
are the filters. The term “robust filters” relies on this property.

Theorem 2 The notations in Theorem 1 are used. Let us define w(Z;X;) by

G2, Xy)
(2, X,) == e G AR (3.7)

Then, ©(Z,X;) is a Skorokhod-continuous version of E[Z, X, | FY].

Proof. It has been shown in the previous theorem that C,7(Z;X;) is a
solution of the associated equation in (2.11a-2.11d). Since these equations
have an unique solution, Cia(Z;X;) = o0(Z;X;) a.s. Thus, it follows from
(0(X;),1) = Eo[L; | FN] and (2.10) that E[Z, X, | FN] = 7(Z,X;) a.s.

We restrict ourselves to paths for which dg (N (w1), N (wg)) < 1. In such a
case, we note that Np(w;) = Nr(ws), i.e. we have observed the same number
of jumps at time 7. Assume that this common value is K. Let t1,...,tx and
S1,...,Sk be the sequence of times of jump. Then,

ds(N(w), N(ws)) = max [t; — s,].

1<i<K

We know from [10] that 7(X;) defined in (3.7) is Skorokhod-continuous. In
particular, the authors show that

max [[7(Xo) (@) = 7(X) (@)l| < Krds(N(w). Nwa))  (38)

0<t<T

Now we give a proof of Skorokhod-continuity of W(Ogi)Xt). We have from
(3.4b)

12



Ha“wmm (0" X1) (ws)
C;'QC ()T (OV X,) (wr) — CF Q4 (wr) T (OV X,) (ws)| ds - (3.9)

+/0 H<5(Xs>(wl> —0(Xs)(w2), €:) €

First, observe that C;1QC,(w;) = C;1QC,(wsy) except when Ny (w;) # Ny(ws).
Since

1C1QC(w)|| < kr, it follows that the term in (3.9) is bounded from above
by

ds. (3.10)

t . .
o [ 700X (w1) = o(OPX.)(wn) ds + Dy K max|t; = s
t X .
< Ky /0 |70 X,) (w1) — F(OVX,) (wo)| ds + Dy K ds(N(wr), N(ws)).

In the sequel, kr will denote a generic constant. It is easily seen from (3.8)
that the term in (3.10) is bounded from above by

K,Tds (N(wl), N(C(.)Q)).

Combining the bounds obtained for the two terms in (3.9-3.10), we obtain for
t<T

O(t) < Ky (/Ot O(s)ds + dS(N(wl), N(wz))>

where ®(t) := maxg<s<; [|[F(OW X)) (w1) — 7(OD X,)(ws)||. Then, Gronwall’s
lemma allows us to conclude to

max [[7(O O X,)(wr) = (00 Xo) (wa)l| < krds (N (wi), N(wn)).

0<t<

Using the equality o(X;) = CtE(Ogi)Xt), it is easily seen from the inequality
above that

max [|o(0 X,) (@) = o(OF X @)l| < wrds(N(wr), N(ws)).

0<t<T

The Skorokhod continuity of 7(Z,X;) with Z, := N/, G is shown in a quite
similar way. .
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